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Abstract
We investigate the geometrical structure and the low energy theorem of
N = 1 supersymmetric nonlinear sigma models in four dimensions. When the
global symmetry spontaneously breaks down to its subgroup, the low-energy
eective Lagrangian of massless particles is described by the supersymmetric
nonlinear sigma model whose target manifold is parametrized by the Nambu-
Goldstone (NG) bosons and the quasi-NG (QNG) bosons. The unbroken
symmetry changes at each points in the target manifold and some QNG bosons
change to NG bosons when unbroken symmetry become smaller. We show
actually NG bosons coupled to the global currents correspond to coordinates
in compact directions while QNG bosons not coupled to it are coordinates in
non-compact directions. The QNG-NG change and these interpretatopn are
shown in a simple example, the O(N) model. We investigate the low energy




In non-supersymmetric theories, the Nambu-Goldstone (NG) theorem tells us that
there appear as many massless NG bosons as the number of broken generators,
namely dim (G/H), when the global symmetry G spontaneously breaks down to
its subgroup H . The NG bosons parametrize a vacuum degeneracy which has one-
to-one correspondence with the freedom of the embedding H to G. The eective
Lagrangian of massless bosons can be expanded by the number of the derivatives and
the leading term, with two derivatives, is described by the nonlinear sigma model
on the target manifolds G/H, whose coordinates are parametrized by NG bosons.
On this manifold, the unbroken symmetry H is realized linearly, while the broken
symmetry G is realized nonlinearly by NG bosons [1]. For the non-supersymmetric
case, the low energy theorem tells us that the low-energy scattering amplitudes of
NG bosons are determined solely by the symmetries G and H , and do not depend on
details of the underlying theory (for a review, see Ref. [2]). The eective lagrangian
reproduces these low-energy theorems.
In supersymmetric theories, there appear additional massless bosons called QNG
bosons [3, 4] (and QNG fermions).1 The leading terms of massless eective La-
grangians are described by N = 1 supersymmetric nonlinear sigma models (for
example see Ref. [5]). The target manifold of the N = 1 nonlinear sigma model







is called the Ka¨hler manifold. ϕ(x) is a complex scalar component of a chiral super-
eld. NG and QNG bosons are the coordinates of the coset manifold GC/H^ , where
GC is the complexication of G and H^ is the complex group often larger than HC,
the complexication of H . Ka¨hler potentials of GC/H^ have been constructed by
Bando, Kuramoto, Maskawa and Uehara (BKMU) [7] (for a review, see Ref. [8]).
If H^ = HC, the number of QNG bosons is the same as that of NG bosons and is
called \the maximal realization" or \the fully-doubled realization". On the other
hand, if H^  HC becomes larger, the number of the QNG bosons decreases. If
there is no QNG boson, the realization is called \the pure realization" and studied
extensively [9]. The pure realization cannot be obtained as the low-energy limit of
the underlying linear theory since there remains at least one QNG boson [10, 11, 12].
If there is gauge symmetry, it is possible to absorb the pair of a QNG and a NG
bosons by the supersymmetric Higgs mechanism. Hence the pure realization is in
some cases obtained as the low energy theory of gauged linear sigma models [8, 13].
To investigate the low-energy theories with the supersymmetry, it is important
to understand the geometric structures of the supersymmetric sigma models. In
the case of pure realizations, the geometry of the target space is well understood,
1The QNG fermions will be interesting particles, when we regard quarks and leptons as QNG
fermions. But we do not discuss QNG fermions in this paper.
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because the Ka¨hler potential is uniquely determined by the metric of G/H. When
there are QNG bosons, however, the coset space, G/H where NG bosons reside, is
a subspace of the target space. Since the metric in the direction of the QNG boson
is not determined by the geometry of its subspace G/H, the eective lagrangian is
not unique in this case and depends on an arbitrary function of many G-nvariant
variables [12, 14]. When there are many G-invariant variables, it is quite dicult
to study the geometric structure of the target space in general. In this paper, we
investigate the simplest case of the O(N) model whose Ka¨hler potential contains an
arbitrary function of single variable.
This paper is organized as follows. We review our previous results [15] in the
rest of this section. The low energy theorems at the symmetric points are explained.
In Sect. 2, we study non-symmetric points where unbroken symmetry H is reduced
to a smaller group H 0. In Sect. 3, to investigate the geometrical structure of the
supersymmetric nonlinear sigma model with O(N) symmetry, we show explicitly
how the dierent compact homogeneous manifolds G/H and G/H 0 are embedded
in the full target manifold GC/H^ by using the method of Shore [16]. We see how
some QNG bosons change to NG bosons at the non-symmetric points. In Sect. 4, we
show that the compact directions correspond to NG bosons, and the non-compact
directions to QNG bosons by investigating the global G-current. In Sect. 5, we
derive the low energy theorems of NG and QNG bosons at the general points of the
target manifold when the Ka¨hler potential is the simplest one. Sect. 6 is devoted to
conclusion and discussion.
In Appendix A, we explain the Ka¨hler normal coordinate which is used to cal-
culate the low energy theorems. In Appendix B, some geometric quantities are
calculated for the most genral O(N)-invariant model.
The general low-energy eective Lagrangian of the massless bosons φα is a non-





The low-energy scattering amplitudes are unchanged by a eld redenition, which
is a general coordinate transformation in the target manifold. By expanding this
in the Riemann normal coordinate φi [17] up to the forth order, and regarding the
fourth order term as the interaction term Lint, the low-energy two-body scattering
amplitudes of the massless bosons φi (with momenta pi)
< φk(pk), φ
l(pl)jiLintjφi(pi), φj(pj) >
= i(2pi)4δ(4)(pk + pl − pi − pj)M(φi(pi), φj(pj) ! φk(pk), φl(pl)), (1.2)
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can be calculated by summing up all the tree graphs2 as
M(φi, φj ! φk, φl) = − 1
3f 4pi
[(s− u)Rkijl + (u− t)Rijkl + (t− s)Rkjli]. (1.3)
Here fpi is the decay constant of the NG boson (pion), Rijkl is the curvature tensor
of the target manifold and we dened the Mandelstam’s variables as
s
def
= (pi + pj)
2 = +2pi  pj = +2pl  pk,
t
def
= (pi − pk)2 = −2pi  pk = −2pl  pj ,
u
def
= (pi − pl)2 = −2pi  pl = −2pj  pl. (1.4)
We consider the case that the global symmetry G spontaneously breaks down to its
subgroup H . We write the broken and unbroken generators as
Xi 2 G −H, Ha 2 H, (TA 2 G). (1.5)
In the case of the symmetric space G/H (there is a symmetry Xi ! −Xi , Ha !







and the low energy theorems become
M(φi, φj ! φk, φl) = − 1
3f 2pi
[(s− u)fkiafajl + (u− t)fklafaij + (t− s)fkjafali]. (1.7)
In the N = 1 supersymmetric theory, the low-energy eective Lagrangian of the
massless chiral superelds i = ϕi+
p
2θψi+θθF i (where ϕi is complex scalar elds,











iψk ψj ψl. (1.8)
Here the metric tensor is calculated by the Ka¨hler potential as
gij(ϕ, ϕ
) = ∂i∂jK(ϕ, ϕ), (1.9)
and Rijkl and Γ
i
lk are the complex curvature and the connection, respectively.
In Eq. (1.8), the auxiliary elds F i were eliminated by using the equations of the
2To calculate next-to leading order O(p4), we need to sum up the one-loop graph of the leading
term and the tree graph of the four derivative terms, with obeying Weinberg’s counting theorem.
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motion. The massless chiral NG superelds appear when the global symmetry G
spontaneously breaks down to its subgroup H with preserving N = 1 supersymme-
try. We denote the complex broken and unbroken generators as
ZR 2 GC − H^, KM 2 H^. (1.10)
Their commutators are
[KM , KN ] = ifMN
LKL, [ZR, KM ] = ifRM
SZS, [ZR, ZS] = ifRS
MKM , (1.11)
where we have assumed the the existence of the automorphism
ZR ! −ZR, KM ! KM . (1.12)
The target manifold, which is the GC-orbit of vacuum vector ~v, is the complex coset
manifold GC/H^ and the representative of it is






where i are the NG chiral superelds. The left action of G on it is
ξ
g! ξ0 = gξh^−1(g, ξ), (1.14)
where h^(g, ξ) 2 H^ is called the H^-compensator.
When the vacuum vector ~v is in the real representation of G, or when G/H is a
symmetric space, only the maximal realization is possible [10].3 So we discuss the
maximal realization.4 The Ka¨hler potential can be written as [10, 7, 16, 12]
K(,y) = f(~v yξy(y)ξ()~v) , (1.15)
where f is an arbitrary function. Note that this Ka¨hler potential is G-invariant by
Eq.(1.14) but not GC-invariant: The G-action is the general coordinate transforma-
tion preserving the metric (the Ka¨hler potential), while GC-action does not preserve
the metric. This fact has an important consequence: The symmetry of the action is
still the compact real group G, although the target space is the GC-orbit of vacuum
vector ~v.
The holomorphic vielbein ERi and the canonical H^-connection W
M
i can be read
as coecients of broken and unbroken element of the Maurer-Cartan 1-form
1
i




3Moreover the gauging of G with preserving supersymmetry is possible only in the maximal
realization.
4As seen in the next section, this does not mean that there always exist QNG bosons as many
as NG bosons at any point: It occurs only at the symmetric point.
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We call the xed point of the automorphism (1.12) as the symmetric point. At the
symmetric point ϕ = 0, they take the form
ERi jϕ=0 = δRi , WMi jϕ=0 = 0 (1.17)
and the derivative of the vielbein at the point is
∂jE
R
i jϕ=0 = 0 . (1.18)












 + g2(δikδjl + δijδkl + δilδkj),(1.19)




= f 0(v2), f2
def






The Ka¨hler condition on the curvature tensor is

RAiAjAkAl = RBiBjBkBl = RAiAjBkBl = RBiBjAkAl
RBiAjBkAl = RAiBjAkBl = −RBiAjAkBl = −RAiBjBkAl
RBiAjAkAl = −RAiBjAkAl = −RAiBjBkBl = RBiAjBkBl
RAiAjBkAl = −RAiAjAkBl = −RBiBjAkBl = RBiBjBkAl
. (1.21)
We can calculate the real curvature (at the symmetric point), which are directly













RBiAjBkAl = −f1~v y(ZSfZV , ZUgZR + ZRfZV , ZUgZS)~v δRi δSj δUk δVl
−4g2(δikδjl + δilδkj + δijδkl),
RBiAjAkAl = RAiAjBkAl = 0, (1.22)
where we have dened f 2pi
def
= 2f1v
2. We can obtain the low-energy (O(p2)) scattering
amplitudes of the NG and QNG bosons, by substituting Eqs. (1.22) and Eqs. (1.21)
to Eq. (1.3). We conclude that, at the symmetric point, there exist the low energy
theorems of the amplitudes which include only the NG bosons, where the higher
derivatives of the arbitrary function cancell out, and they coincide with the one
of the non-supersymmetric theories on the symmetric space G/H (see Eq. (1.7)).
Amplitudes among only the QNG bosons coincide with those of the corresponding
NG bosons by the Ka¨hler conditions (1.21). Amplitudes for even number of the NG
and QNG bosons depend on the second derivative of the arbitrary function.
We will generalize these results to the low energy therorems at general points.
At the non-symmetric points, some of the QNG bosons turn to NG bosons, corre-
sponding to the fewer unbroken symmetry.
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2 Non-symmetric point and supersymmetric vac-
uum alignment
2.1 Non-symmetric point
In the last subsection, we have discussed the low energy theorems at the symmetric
point. In the maximal realization, the number of the QNG bosons is equal to that
of QNG bosons at the symmetric point.5 If we leave from the symmetric point by
the G-action as ~v 0 = g~v (g 2 G), they are also symmetric points and the unbroken
symmetry remains unchanged : H 0 = gHg−1 ’ H . The Ka¨hler potential, the metric
and the curvature tensor do not change and the low energy theorems do not change
either. All of them are equivalent vacua. But the full target manifold is constructed
by the GC-action on ~v. If we move to another vacua by a GC-action, the unbroken
symmetry H varies depending on the choice of vacuum. The GC-action on the
symmetric point ~v is
~v 0 = g0~v, g0 2 GC . (2.1)
The complex unbroken symmetries at ~v and ~v 0, dened by
H^~v = ~v, H^ 0~v 0 = ~v 0 , (2.2)
are related by
H^ 0 = g0H^g0−1 ’ H^ : KM 0 = g0KMg0−1 . (2.3)
In this sense, the complex unbroken generators are equivalent at any points on the
manifold . The complex broken generators are also related as
GC − H^0 = g0(GC − H^)g0−1 : ZR0 = g0ZRg0−1 . (2.4)
The GC-orbits of ~v and ~v 0 are
GC/H^ ’ GC/H^ 0 , (2.5)
that is, the transformation of GC is just an automorphism on the target manifold.
To be precise, the representatives of the complex cosets (bosonic part),
ξ = exp(iϕRZR) 2 GC/H^, ξ0 = exp(iϕ0RZR0) 2 GC/H^ 0 (2.6)
are related by a right action of GC through the relation





~v 0 = ξ0~v 0 , (2.7)
as
ξ0 = ξg−10 h^

















The complex unbroken symmetry H^ is transformed to H^ 0 in GC. The coset replesentaives of
GC/H^, ξ, which is written as a horizontal curve, are transformed to a broken curve by the right
action of g−10 . To get transformed representaitives of G
C/H^ 0, ξ0, we need a local H^ 0 compensator
from the right.
This relation is sketched in Fig. 1.
We can summarize as follows: Suppose we choose a coordinate system whose
origin is the symmetric point ~v and move to a non-symmetric point by the action of
g0 and dene a new coordinate system at that point. Then, unless g0 belongs to the
isometry G of the metric, the origin of the new coordinate system ϕ0 is no longer a
symmetric point. The right action (2.8) can be written explicitly as
eiϕ
0Z0 = eiϕZg0−1e−iu
0(ξ,g0)K 0, h^0 = eiu
0(ξ,g0)K 0 2 H^ 0 . (2.9)




0(ξ,g0)K 2 H^, (2.10)
and if g0 is restricted in G, it reduces to the ordinary left action (1.14). The right
action does not change the Ka¨hler potential because it is from Eq.(2.7),
~vyξyξ~v ! ~v 0yξ0yξ0~v 0 = ~vyξyξ~v. (2.11)
This is just a coordinate transformation from the coordinate whose origin is the
symmetric point ~v to the one whose origin is the non-symmetric point ~v 0 but not a
symmetry.6
2.2 Supersymmetric vacuum alignment
The compact subgroup G is a real form of GC. The operation of \G on the complex
algebra GC or its subalgebra picks up the Hermitian generators. The real unbroken
5The number of the QNG bosons takes maximum value at the symmetric point.
6This does not mean the Ka¨hler potential is GC-invariant. The Ka¨hler potential is invariant









The large circle indicates the group G. The small circles denote the complex subgroups H^ and H^ 0.
H^ 0 is the transform of H^ by g0. The real subgroups H or H 0 are dened as intersections of G and
H^ or H^ 0. K is the image of H by the g0 transformation. In general H 0 is a subset of K.
symmetry at the vacuum ~v is dened as ,
H = H^ \G (2.12)
and at the vacuum ~v 0,
H 0 = H^ 0 \G 6= H, H 0  H. (2.13)
So at the non-symmetric point, the unbroken symmetry group becomes smaller than
at the symmetric point [12, 18, 19, 14]. This phenomenon is called \the supersym-
metric vacuum alignment". It comes from the dierent embedding of H^ in GC as




0 (’ H) is not the
subgroup of G, and the real unbroken symmetry is K \G = H 0 ( 6= H) (see Fig. 2).
At the non-symmetric point, the generators K −H 0C (\ G = φ) are not Hermitian
generators. We call them ‘pseudo-Borel generators’ here.8 We show in the later
sections that they correspond to NG bosons that appeares at the non-symmetric
point where the unbroken symmetry becomes smaller. So not only the Borel sub-
algebra B0 = H^0 − KC but also the pseudo-Borel generators supply the pure-type
supereld.9 They belong to H^0 − H0. The (real) G-orbits of ~v and ~v 0 are G/H
and G/H 0 ( 6= G/H), respectively, and they are compact submanifolds of GC/H^ and
parametrized by the NG bosons. Other directions of the total target space GC/H^
7BKMU called the embedding corresponding to ~v as the natural embedding and the one corre-
sponding to ~v 0 as \the twisted embedding" [7]. Kotche and Shore called ~v and ~v 0 \the symmetric
embedding" and \the non-symmetric embedding", respectively, since they discussed the case when
G/H is a symmetric space and G/H 0 is a non-symmetric space [12]. This is also true in our
example in the next section.
8A Borel algebra B (2 H^) is dened as an algebra which satisfy, [H,B]  B. Since, however,
K −H 0C does not satisfy this condition, it is not a Borel subalgebra.
9When the real and imaginary part of the scalar component of a chiral supereld are both
NG-bosons, the supereld is called the pure type
8
are non-compact and correspond to the QNG bosons. The pseudo-Borel generators
are a key point to understand how G/H 0 has more compact directions than G/H in
GC/H^.
3 NG coset submanifolds G/H and G/H 0
3.1 Typical example : O(N) model
In this subsection, we discuss the simplest example, the O(N)-model, where the
vacuum ~v is in the vector representation of G = O(N): ~v 2 V = RN [14]. We can
complexify the O(N) group by replacing the real vector with the complex vector:













satisfy the commutation relation and the normalization condition
[ Tij, Tkl ] = −i(δjkTil − δikTjl − δjlTik + δilTjk),
tr(TijTkl) = 2(δikδjl − δilδjk). (3.2)
For later convenience, we dene
Xi
def
= TNi , Xi
0 def= TN−1,i0 , XN−1
def
= TN,N−1 (i, i0 = 1,    , N − 2) . (3.3)
Let us classify the real and complex generators at 1) the symmetric point and
2) the non-symmetric point.
1) the symmetric point.










We can immediately nd a) the real unbroken algebra and b) the complex unbroken
algebra.
1-a) the real unbroken Lie algebra.







   0

 , (3.5)
while the real broken generators are of the form






0 −i 0 0

 2 G −H (i = 1,    , N − 1). (3.6)
Thus the symmetry breaking pattern at the symmetric point is G = O(N) !
H = O(N − 1). The real target manifold is the compact homogeneous manifold
O(N)/O(N − 1) ’ SN−1, whose coordinates are NG bosons.
1-b) the complex unbroken Lie algebra.
By the complexication, no new generator appears that leave the vacuum expecta-
tion value invariant at the symmetric point. The broken and unbroken generators
are {
ZR = Xi 2 GC − H^
KM = Ha 2 H^
. (3.7)
Here all ZR are the Hermitian generators. The coset coordinates proportional to
Hermitian generators are called the mixed-type supereld. The real part of a mixed
type supereld is a NG boson while the imaginary part correspond to a QNG boson.
Since the number of the NG and QNG bosons are both N − 1 in this case, we have
the maximal realization.
2) the non-symmetric point.






cos θ − sin θ






cosh ~θ −i sinh ~θ
0 i sinh ~θ cosh ~θ

 2 GC , (3.8)
where θ
def
= i~θ is a pure imaginary angle. Here we choose the rotation by the XN−1,
but the rotations by the other broken generators are all equivalent, since they can
be transformed by the action of G to each other. So the vacuum vector at the
10
non-symmetric point can be written without loss of generality as





















where we have dened{
β
def
= v cosh ~θ : real
α
def
= −iv sinh ~θ : pure imaginary (3.10)

















The maginitudes of VEVs are
~v 0y~v 0 = β2 − α2 = β2 + ~α2 def= v02 , (3.12)
~v02 = ~v2 = β2 + α2 = β2 − ~α2 = v2 . (3.13)
From Eq. (3.9), the non-compact directions are heperbolic as in Fig. 3. The full
target space is a spheroidal hyperboloid and the compact coset G/H is embedded
in the symmetric point. (The compact coset G/H 0, at non-symmetirc point, is
discussed in the next subsection.)
2-a) the real Lie algebra.
At the non-symmetric points, the whole generators are divided into the real unbroken





   0 

































Im V N 1
Re V 1, ,Re V N 1
Re V N
Figure 3
The vertical axis is a real part of V N , other real parts are written as the axis to this side and
the right axis is an imaginary part of V N−1, parametrized by ~α. The NG coset manifold at the
symmetric point, G/H , is written as a vertical circle of a radius v, at the center. The NG coset
manifold at the non-symmetric point, G/H 0, is written as two vertical circles of a radius β, and









2 G −H0 (i = 1,    , N − 2) . (3.15)
The symmetry breaking pattern at the non-symmetric point turns out G = O(N) !
H 0 = O(N − 2), which is dierent from the symmetric point. The real target
manifold which is parametrized by NG bosons is the compact homogeneous manifold
G/H 0 = O(N)/O(N − 2) (see Fig. 3), which is larger than the one of the symmetric
point. (Although the left and right circle seem to be separate in Fig. 3, they are
connected through the another imaginary directions of V .) Namely we have more
NG bosons at the non-symmetric point than at the symmetric point. These newly
emerged NG bosons must come from the QNG bosons, since the dimension of the
full target manifold has to be unchanged. There are only one QNG boson because
the number of the NG bosons is 2N − 3. In the next subsection, we show how
these dierent compact coset manifolds are embedded in the full manifolds and how
some of the QNG bosons turn to the NG bosons. Before doing it, we investigate
the complex symmetry at the non-symmetric point, which give us the key point to
understand such phenomena.
2-b) the complex Lie algebra.
The complex broken and unbroken generators at the non-symmetric points ~v 0 can
12









































0 2 H0 2 H^
0 , (3.17)
where ZI

























We can classify the broken generators as the pure type or the mixed type as follows.
First of all, the one generator Z 0N−1 corresponds to the mixed type supereld, where
the one component of the scalar part of the chiral supereld is a NG boson and
the other is a QNG boson, since it is an Hermitian generator. On the other hand,
all other generators ZI
0 correspond to the pure type supereld, where both the
scalar components of the chiral superelds are NG bosons, since they are the non-
Hermitian generators. In the next subsection, we show that all the ZI
0 are actually
the pure-type superelds by using the local H^-transformation of the corresponding
complex unbroken generators BI
0. The unbroken generators BI 0 are also the non-
Hermitian generators, so we call them pseudo-Borel generators. Here we can count
the numbers of the NG and QNG bosons as 2N − 3 and 1 respectively, without
using the fact that the total number of the NG and QNG bosons does not change.
We call this realization \the minimal realization", since the number of the QNG is
minimum.10
3.2 Embedding of NG cosets G/H and G/H 0
In this subsection, we show how the dierent cosets 1) G/H and 2) G/H 0 are
embedded in the symmetric and non-symmetric points by using the Shore’s pro-
cedure [16, 12]. We can obtain the coset representatives of the G/H (G/H 0) by
putting all the the QNG bosons to zero in the complex representative ξ of the full
complex coset GC/H^ , at the symmetric (non-symmetric) point. In the case there
10BKMU have used this term as the realization with the minimum number of the QNG bosons
among the those which have the same homogeneous manifold G/H as the NG bosons. On the
other hand, in our case, the G/H is changed.
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are the pure-type superelds, we need a local H^-transformation from the right.
(It is needed only at the non-symmetric point, since we are treating the maximal
realization at the symmetric point.)
1) the embedding of G/H through the symmetric point.
For the maximal realization, since we do not need a local H^-transformation
ξ^ = ξ , (3.19)
we can obtain the representative of G/H by simply putting all the QNG bosons to
zero as [12, 15]
ξ^jQNG=Bˆi=0 = U(φ) = eiφX 2 G/H , (3.20)
where the elds φ = fAig (i = 1,    , N − 1) are the NG bosons at the symmetric
point.
2) the embedding of G/H 0 through the non-symmetric point.
The complex representative at the non-symmetric point is
ξ0(ϕ0) = eiϕ







0) + ϕ0N−1XN−1g . (3.21)
Pure Mix
Since there are pure type broken generators ZI
0, we need a local H^-transformation
(ζ 0 2 H^ 0) of the unbroken generators BI 0 from the right as
ξ0(ϕ0) !














= exp i(aiXi + b
iXi
0 + (A^0N−1 + iB^0N−1)XN−1) , (3.22)
where
di(ϕ^0, ϕ^0) = − i
2~αβ
(v02ϕi − v2ϕi), ai = A^0i v
β




Here, we have chosen the function d such that the elds a and b become real elds.
Note that the complex elds ϕ have been transformed to ϕ^, whose relation is given
later. For the pure multiplet ^i, both the A^i, B^i elds correspond to the NG bosons
and also to the compact directions of the target manifold, since they are the real
elds on the exponential. On the other hand, for the mixed multiplet ^N−1, only
the real component A^N−1 do and the eld B^N−1 is a QNG boson and corresponds
to the non-compact direction of the full target manifold, since the iB^N−1 is the pure
imaginary eld on the exponential.
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We can obtain the real representative of the coset G/H 0 by putting all the QNG
bosons to zero
ξ^jQNG=Bˆ0N−1=0 = U 0(φ0) = eiφ
0X 2 G/H 0 , (3.24)
where the elds φ0 = fai, bi, A^0N−1g (i0 = 1,    , N − 2) are the NG bosons at the
non-symmetric point. To understand how the compact coset manifold G/H 0 at the
non-symmetric point is larger than G/H at the symmetric point, see Fig. 4. To see
this phenomenon more clearly, see also Fig. 5. At the symmetric point there are
N − 1 non-compact directions, while they turn to one non-compact direction and
N − 2 compact directions, which are newly emerged NG bosons.11
Next we obtain a relation of the elds ϕ and ϕ^. In general, the rst equation of
the Eqs. (3.22) can be written explicitly as (here we omit the prime)
eiϕZeid˜(ϕ,ϕ
)K = ei(ϕˆZ+d(ϕˆ,ϕˆ
)K) , ζ 0(ϕ, ϕ) def= eid˜(ϕ,ϕ
)K 2 H^ 0 . (3.25)
By using the Baker-Campbell-Hausdor formula on the left-side, we obtain relations,




RϕS ~dM +    , (3.26)





MϕRϕS ~dN +    . (3.27)
Here, we have used only the fact that GC/H^ is a symmetric space, and the result
does not depend on explicit models. The two coordinates ϕ^0 and ϕ0 are related as
ϕ^0 = ϕ0 +O(ϕ02, ϕ0ϕ0) (3.28)
and coincide to each other at the rst order.12
11We make more comments on the NG submanifold at non-symmetric points, G/H 0. It can be
considered as a H/H 0 ’ SN−2 ber bundle over a base manifold, G/H ’ SN−1. Namely, G/H 0
is a locally product of two manifolds, NG manifold at symmetric point and newly emerged NG
manifold, G/H 0 = G/H H/H 0 (locally). (When H −H0 commute with G −H generators, this
product actually becomes a direct product.) By bringing ~v 0 to ~v, the bre shrinks but the base
remains at nite size (radius v). On the other hand, by bringing ~v 0 to innity, althogh the sizes
(radius) of bre and base go to innity, they go to same size.
12Note that this transformation is not holomorphic and so the complex structures of the two
coordinates ϕ and ϕ^ are dierent. The former give the complex structure of the ordinary complex
coset parametrization, on the other hand, the latter gives the one of the transformed coset by the
local H^ transformation. The physical eld interpretation by the NG and QNG bosons can be given
by the latter as seen in the next section, but the geometrical quantities can be calculated easily
by the former. For our purpose to calculate low energy theorems, the dierence can be neglected








Im V 1, ,Im V N 2
ReV 1, ,ReV N
Figure 4
In Fig. 4, the imaginary directions of V are written as a horizontal plane, and real directions are
written as a vertical line. G/H is written as a segment at the center and G/H 0 is written as a
cylinder enclosing the G/H . Newly emerged NG bosons are written as a horizontal circle of a
radius ~α, which is just a H-orbit of the non-symmetric vacuum ~v 0.
ImV N 1







View from the top of Fig. 4. It can be seen that most of QNG bosons at the symmetric point
change to newly emerged NG bosons at the nonsymmetric point, with the total number of massless
bosons been unchanged.
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4 Underling linear model and G-current
4.1 Lagrangian











i∂µφi +    , (4.1)
where ~φ consists of the fundamental chiral superelds. We also have written its
scalar components as φi in the last equation. W (φ) is a G-invariant superpotential
of the underling linear theory. It is GC-invariant due to the holomorphy. One of its
candidate is
W (φ) = gφ0(~φ
2 − a2) , (4.2)
where φ0 is an additional, non-dynamical, G-singlet eld and g is a coupling constant.
We can eliminate φ0 by its equation of motion. Although the Ka¨hler potential
may suer from a quantum correction, it will preserve the global symmetry G. We
thus obtain a low-energy eective Ka¨hler potential,
K(,y) = f(~φ y~φ)jF = f(~vyξyξ~v) , (4.3)
where F means a F-term constraint, ∂W/∂φ0 = ~φ
2 − a2 = 0. We used a relation
between fundamental elds and NG elds, ~φjF = ξ~v.
4.2 Current for the O(N) model
In the previous sections, we have argued, in the group theoretical way, how the
compact directions can appear at the non-symmetric points and how the dierent
compact manifolds are embedded in the full target manifold GC/H^. In this section
and the next section, we consider the current of the global symmetry G in the
fundamental linear theory, and show that the compact directions correspond to the
NG bosons which couple to the current while the QNG bosons not.
For simplicity we consider only the scalar component. The vacuum vector ~v 0 is
















The propagating elds on the vacuum ~v 0 are deviation from it




xN−1 + i(~α + yN−1)




where the most of the xi and yi are massless elds which will be NG or QNG
bosons, but the others are massive ‘Higgs’ elds. If we take a limit of the innitely
heavy Higgs mass in the Eq.(4.1), we get the low-energy eective Lagrangian of the
massless elds. (The Higgs elds become just the constraints in the (flat) φ-space.)
Since the G-transformation of φ is
φk
g! φ0k = φk + iθij(Tij)klφl
= φk + iθij(δkiφj − δkjφi)
def
= φk + iθijδijφ
k , (4.6)





k + (conj.) = φj
$
∂µ φi + (conj.) . (4.7)
The NG bosons should couple to the current as
Jµ ! fpi∂µφas +    (4.8)
but not QNG bosons. Here fpi is decay constants of the NG bosons and φ
as is an
asymptotic eld.
We calculate the current at 1) the symmetric point and 2) the non-symmetric
point to identify which elds are NG bosons and the QNG bosons.
1) the current at the symmetric point (i, j = 1,    , N − 1).
The current (4.7) can be calculated to the rst order of the xi and yi by using




+O(x2, y2, xy) . (4.9)
From Eq.(4.8), we can read the NG bosons. QNG bosons can be identied as
the partner of them. The result is : xi(i = 1,    , N − 1) are the NG bosons for
the symmetry breaking O(N) ! O(N − 1), (the decay constant is fpi = v), and
yi(i = 1,    , N − 1) are the QNG bosons. Here the complex elds xi + iyi are (the
scalar part of) the mixed-type multiplet. (Note that yi can be obtained from xi by
the action of J : xi
J! yi, where J is the complex structure which acts on V as
J : xi ! yi , yi ! −xi (i = 1,    , N).) The rest elds xN and yN are the direction
of the constraints (or the (Higgs) particles with mass ! innity).
2) the current at the non-symmetric point.
Next we calculate the current at the non-symmetric point, and identify the NG and












+O(x2, y2, xy) . (4.10)
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In the last equation, the overall factor v0 is xed so that the normalization of elds
do not change. From these equations, we can conclude that the elds xi and yi
(i = 1,    , N−2) are both NG bosons, and the complex elds xi+iyi are (the scalar
part of) the pure-type multiplets. (Note that J : xi



















N ) is a mixed-type multiplet. We can conrm that
this QNG boson corresponds to the non-compact direction of the target manifold.























In summary, we can nd all NG bosons from the G-current. Then we aplly the
complex structure J on them. If we obtain NG bosons again, they constitute the
pure-type multiplets, on the other hand, if we obtain new elds which do not cou-
pled to the G-current, they are QNG bosons and constitute with their NG partners
the mixed-type multiplets. The remaining elds are massive (Higgs) bosons which
disappear in the low-energy eective Lagrangian of the massless elds after inte-
grating out (taking a limit of innitely heavy mass). (Note that the identication
of the pure- and mixed multiplet and so the NG and QNG bosons is dierent from
the one in the coset coordinate. The complex structure of the former are dierent
from that of the latter as Eq.(3.28).)
In the rest of this subsection, we verify the true NG bosons are the coordinate
of the transformed coset ξ^, but not the ordinary coset ξ. The action of the coset
representative U(φ) on the vacuum is
eipi
iXi~v 0 ’ ~v 0 + ipiiXi~v 0 def= ~v 0 + δi~φ . (4.12)




































yN . Since these coincide with the results obtained by the argument
of the current, the true NG bosons can be identied with the coordinate of the
transformed coset ξ^, where U can be obtained by putting all the QNG bosons to
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zero. So to get the low energy theorems of NG and QNG bosons, we should compute
the curvature in the coordinate φ^0 = A^0 + iB^0. But, since this is same as the usual
complex coset coordinate φ0 = A0+ iB0 at the rst order as Eq. (3.28), the curvature
in these coordinates are same up to the constant order and the low energy theorems
coincide exactly. We will calculate the low energy theorems in the coset coordinate
in the next section.
5 Low energy theorems at general points
In this section, we discuss the low energy theorems at the non-symmetric point. We
choose the O(N) model as an example, but the generalization to other models is
straightfoward.
5.1 Some formula for the O(N) model
In the rst subsection, we derive some formula for the O(N) model. To calcu-
late geometric quantities, we need the expectation values of the broken generators,
sandwitched by the vacuum vector ~v 0.
Here we use the indices as R, S,    = 1,    , N − 1 andI, J,    = 1,    , N − 2.
By noting that ZN−1y = ZN−1 and ZIy 6= ZI , we calculate the products of VEV and

































and the two broken generators as,
ZRZS ~v
0 = δRS~v 0, ZIyZJ ~v 0 = δIJ~v 0 ,
ZI









v0 4 − v4 = 2~αβ. Here we dene the convinient notation as
< R    >def= ~v 0yZR   ~v 0. (5.3)
The expectation values of the one generators are
< I >= ~v 0yZI ~v 0 = 0, < N − 1 >= ~v 0yZN−1 ~v 0 = c2 , (5.4)
those of the two generators are
< RS >= ~v 0yZRZS~v 0 = v0
2
δRS , < I
yJ >= ~v 0yZIyZJ ~v 0 = v2δIJ , (5.5)
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those of the three generators are
< IJK >= ~v 0yZIZJZK~v 0 = 0 ,
< IyJK >= ~v 0yZIyZJZK~v 0 = 0 ,
< N − 1, IJ >= ~v 0yZN−1ZIZJ~v 0 = c2δIJ ,
< IJ,N − 1 >= ~v 0yZIZJZN−1~v 0 = 0 ,
< I,N − 1 >= ~v 0y  ZIZN−1~v 0 = 0 ,
< , N − 1, I >= ~v 0y  ZN−1ZI~v 0 = 0 ,
< I,N − 1, N − 1 >= ~v 0yZIZN−1ZN−1~v 0 = 0 ,
< Iy, N − 1, N − 1 >= ~v 0yZIyZN−1ZN−1~v 0 = 0 ,
< N − 1, I, N − 1 >= ~v 0yZN−1ZIZN−1~v 0 = 0 ,
< N − 1, N − 1, N − 1 >= ~v 0yZN−1ZN−1ZN−1~v 0 = c2 , (5.6)
and those of the four generators are
< RySyUV >= ~v 0yZRyZSyZUZV ~v 0 = v0
2
δRSδUV . (5.7)
5.2 Geometric quantities and low energy theorems
We can calculate the geometric quantities of the O(N) model by using the formulas
obtained in the last subsection. In this section, we consider the most simple Ka¨hler
potential, K = f(z) = z. The case that there exist an arbitrary function is argued
in Appendix.
At rst the metric is (we omit prime on ZR)





, GRS = ~v 0yZSyξ0yξ0ZR~v 0. (5.8)
The auxiliary metric at the point ϕ0 = 0 is






The vielbein and H^ 0-connection at the point ϕ0 = 0 are
E 0Ri jϕ0=0 = δ0Ri , W 0Mi jϕ0=0 = 0 (5.10)
and the derivative of the vielbein is
∂jE
0R
i jϕ0=0 = 0 . (5.11)
We can now compute the complex curvature 13
Rijkl = ∂i∂j∂k∂lK − gmn(∂j∂m∂lK)(∂i∂k∂nK) , (5.12)
13Although, in a Ka¨hler normal coordinate, the second term is disappeared, the coset coordinate
needs it.
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which is crucial to the low energy theorems. The complex curvature on the point
ϕ0 = 0 of a GC/H^ is





Here the rst line is for general symmetric manifolds GC/H^ with one VEV, and the
second line is for the O(N) model. If we rescale the elds so that the metric (5.9)




1/v02δikδjl when i, j, k, l = 1,    , N − 2
v2/v04δikδjl when only two indecies are N − 1-th
v4/v06δikδjl when i, j, k, l = N − 1
. (5.14)
From these equations, we can calculate the real curvature in the rescaled coordinate





RBiAjBkAl = −2 1
v02
(δikδjl + δilδjk),















At the symmetric point, v0 = v, all coecients become 1
v2
. There, all Ai and AN
elds are NG bosons of a symmetry breaking, O(N) to O(N − 1), and we can
verify that their scattering amplitudes satisfy low-energy theorems from a equation,
fij
afakl = (δikδjl − δilδjk). Their decay constant is fpi = v, which coincide with
arguments of currents in Sec. 4. All B elds are corresponding to QNG bosons and
their low energy theorems coincide with those of NG partners as discussed in Sec. 1
and Ref [15].
At the non-symmetric point, there appear new features of supersymmetric low
energy theorems. The unbroken symmetry O(N − 1) at the symmetric point, more-
over breaks down to O(N − 2), and Bi (i = 1,    , N − 2) turn to NG bosons.
From the rst equation of (5.15) and RBiBjBkBl = RAiAjAkAl , we can verify that
low energy theorems of Bi(i = 1,    , N − 2) consist of those of NG bosons of the
symmetry breaking, O(N − 1) to O(N − 2). But low-energy theorems of Ai and AN
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at symmetric points are distoted there, since only AN eld become to play a special
role.
Before closing this section, we comment on a relation between NG bosons at non-
symmetric points of a supersymmetric theory and NG bosons in a non-supersymmetric
theory. In the non-supersymmetric theory with a spontaneously broken O(N) sym-

















Here, there are three H-irreducible sectors, and f (i)pi (i = 1, 2, 3) denotes decay con-
stants of three sectors.14 These three free parameters in the non-supersymmetric
theory are reduced to two parameters, v and v0, to be embededd to the supersym-
metric theory. This is becauce there exist N − 2 pure-type multiplets and they
relate two decay constants, f (1)pi and f
(2)
pi , in Eq. (5.16). This was known in pure
realizaion cases, where there exist only pure-type multiplets [9]. Moreover, if we x
GC-invariant, v, there is only one independent parameter, v0.
6 Conclusion and discussion
Although we have illustrated the low energy theorem at the non-symmetric points
in the O(N)-model with the simplest (linear) Ka¨hler potential, a generalization to
more comlicated models are straightforward. (The calculation in the most general
Ka¨hler potential of the O(N)-model is discussed in Appendix B.) Consider the case
that there are n GC-invariants and m G-invariants. (In the O(N)-model, they are
m = n = 1, since there is one GC-invariant, ~φ 2, and one G-invariant, j~φj2.) The
low-energy eective Ka¨hler potential can be written as an arbitrary function of m
G-invariants [14]. We can count parameters included in low energy theorems of
two-body scattering amplitudes. Since curvature tensor includes from one to four
derivatives of the arbitrary function, there are the certain numbers of the parameters
concerned with the arbitrary function. Therefore the low energy theorems include
these parameters. As seen in this paper, in the case of O(N) model, there were six
parameters v, v0, f1, f2, f3, f4.
Although we have investigated a two-body to two-body, namely a four-body
scattering amplitude, a generalization to many-body scattering amplitudes can be
calculated by using the Ka¨hler normal coordinate to the desired order [20]. An








2 N to break O(N) to O(N −2), those three
sectors correspond to three G-invariants, ~v 21 , ~v
2
2 , ~v1  ~v2.
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interaction Lagrangian will be written in the curvature tensor, covariant derivatives
of curvature tensors etc. Anyway, if we calculate n-boby scattering amplitude, it
contains from one to n derivatives of the arbitrary function.
In this paper, for simplicity, we have considered the bosonic part of the current
of the global symmetry G. It will be interesting to investigate the current superelds
by the notion of \pseudo-symmetry current" which has been developed by Lerche [4].
We have investigated only low energy theorems, namely low-energy scattering
amplitudes at the leading order O(p2). It is interesting, for a development of su-
persymmetric chiral perturbation theories, to investigate higher derivative terms
such as next-to leading terms O(p4) [21]. At such order, we need a supersymmetric
Wess-Zumino-Witten term [22], which correctly reproduces anomalies of the global
symmetry (we did not need it at the lowest order).
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A Ka¨hler normal coordinate expansion
In this Appendix, we show the Ka¨hler normal coordinate is always taken from general
coordinates by a holomorphic coordinate transformation preserving the curvature
tensor up to a constant order. The systematic method to obtain the Ka¨hler normal
coordinate to an arbitrary order is discussed in Ref. [20].
Let fzi, zig are the general coordinate. We expand the Ka¨hler potential by the
Taylor expansion as
K(z, z) = Kj0 + F (z) + F (z)
+gijj0 zizj + 1
2














∂kΓlijj0 zizjzkzl + 1
6
∂kΓlijj0 zizjzkzl +O(z5), (A.1)
where
F (z) = ∂iKj zi + 1
2
∂i∂jKj zizj +    (A.2)
is holomorphic and is cancelled out by the Ka¨hler transformation. Here Γijk is the
connection and Rijkl is the curvature tensor of the Ka¨hler manifold [23]. There
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are many non-covariant coecients except for gij and Rijkl. To eliminate them
note that Eq. (A.1) can be written in





















So by the holomorphic coordinate transformation,
{
ωi = zi + 1
2
Γijkjzjzk + 16∂lΓijkjzjzkzl +O(z4)
ωi = h.c.
, (A.4)
it can be written in





= F (z(ω)). The new coordinate ω is the Ka¨hler normal coodinate up
to forth order. In this coordinate, all the coecient are covariant quantities.







is unit matrix up to constant order, the component of the curvature tensor in the
new coordinate ω is
R0ijkl = Rijkl(J ii0)J jj0(Jkk0)J ll0 = Rijkl +O(ω) , (A.7)
and it is invariant up to constant order. The metric in the coordinate ω is
gij(ω, ω
) = ηij +Rijkljωkωl +O(ω5). (A.8)
We get the Ka¨hler normal coordinate expansion of the Lagrangian (we rewrite ω as
ϕ),
L = gijjϕ=0 ∂µϕi∂µϕj + igijjϕ=0 ψjσµ∂µψi
+ Rijkljϕ=0 ϕkϕl∂µϕi∂µϕj + 1
4
Rijkljϕ=0 ψiψk ψj ψl
+ iRijkljϕ=0 ϕj∂µϕi( ψlσµψk). (A.9)




In this appendix, we investigate the most general eective Lagrangian with the













i∂µφi +    , (B.1)
which is no longer the linear theory, since the D-term is not bilinear. In order to











and the decay constant is also replaced as
fpi
2
old ! f1fpi2old = fpi2 . (B.4)




We can calculate the geometric quantities of the O(N) model by using the formulas
obtined in Sec. 5.1. At rst the metric is (we omit prime on ZR)







0(z)(~v 0yZSyξ0yξ0ZR~v 0) + f 00(z)(~v 0yZSyξ0yξ0~v 0)(~v 0yξ0yξ0ZR~v 0),
z
def
= ~v 0yξ0yξ0~v 0. (B.5)
At the point ϕ0 = 0, we dene the derivatives of the arbitrary function as
f1
def
= f 0(~v 0y~v 0) = f 0(v02), f2
def
= f 00(~v 0y~v 0) = f 00(v02) ,    . (B.6)
The auxiliary metric at the point ϕ0 = 0 is
GRSjϕ0=0 = f1 < SyR > +f2 < Sy >< R > , (B.7)










The vielbein and H^ 0-connection at the point ϕ0 = 0 are
E 0Ri jϕ0=0 = δ0Ri , W 0Mi jϕ0=0 = 0 (B.9)
and the derivative of the vielbein is
∂jE
0R
i jϕ0=0 = 0 . (B.10)
We can now compute the complex curvature
Rijkl = ∂i∂j∂k∂lK − gmn(∂j∂m∂lK)(∂i∂k∂nK) , (B.11)
which is crucial to the low energy theorems. The complex curvature on the point
ϕ0 = 0 of the general symmetric GC/H^ is
Rijkljϕ0=0
= [ f1 < S
yV yUR >
+ f2(< V
yU >< SyR > + < SyU >< V yR > + < SyV y >< UR >)
+ f2(< V
y >< SyUR > + < U >< SyV yR >
+ < SyV yU >< R > + < Sy >< V yUR >)
+ f3(< V
y >< U >< SyR > + < V y >< SyU >< R >
+ < V y >< Sy >< UR > + < V yU >< Sy >< R >
+ < U >< SyV y >< R > + < U >< Sy >< V yR >)
+ f4 < V
y >< U >< Sy >< R >
− GXY  jϕ0=0ff1 < XySV > +f2(< S >< XyV > + < XyS >< V >
+ < Xy >< SV >) + f3 < S >< Xy >< V >g
ff1 < Y yRU > +f2(< R >< Y yU > + < Y yR >< U >
+ < Y y >< RU >) + f3 < R >< Y y >< U >g ]
 δRi (δSj )δUk (δVl ) , (B.12)
and for the O(N) model, if we dene



















4(δIJδKL + δILδKJ) ,
























02(2v04 + v4)− 2f22(v08 + v4v04 − 2v8)
+2f1f3c
4(2v04 + v4) + f1f4c8v0
2
+ (f2f4 − f32)c12],
(B.14)
where c4 = v04 − v4.
Before the calculation of the real curvature, we give comments.
1. At the symmetric point, v02 = v2 , c2 =
p







2(δikδjl + δijδkl + δilδkj) , (B.15)
fpi
2 = 2f1v
2 , g2 = f2v
4 (B.16)
We recovered previous results in Ref. [15] for the O(N) model.
2. For the case of the flat embedding,
f(z) = z : f1 = 1 , f2 = f3 =    = 0 , (B.17)
these reduce to the previous results in Eq. (5.13).
We can calculate the real curvature which are directly concerned with the low

















(δikδjl + δilδjk)− 4f2v4(δijδkl),








02(v2 − v02)− 2f1f22v2c4 + f23c8,






[−f13v2 − f12f2v02(v2 + v02) + 2f1f22v2c4 + f23c8
+f1
2f3(v















02(2v04 + v4)− 2f22(v08 + v4v04 − 2v8)
+2f1f3c
4(2v04 + v4) + f1f4c8v0
2
+ (f2f4 − f32)c12]. (B.18)
At the symmetric point, these reduce to (i, j, k, l = 1,    , N − 1)
RAiAjAkAl = fpi
2(δikδjl − δilδjk),
RBiAjBkAl = −fpi2(δikδjl + δilδjk)− 4g2(δikδjl + δilδjk + δijδkl),
RBiAjAkAl = RAiAjBkAl = 0 , (B.19)
which coincide with those obtained in Ref. [15]. (See Eq. (1.22).)
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